I. INTRODUCTION
Acoustically actuated microbubbles are widely used for various lab-on-a-chip applications. [1] [2] [3] [4] [5] Two phenomena associated with the bubbles driven at the resonant frequencies are microstreaming (locally confined microflow) 6, 7 and secondary radiation force (SRF), also referred to as the Bjerknes force. 8, 9 In the case of robust control, these phenomena are of crucial importance for precise flow and object manipulation in various geometries, including microchambers 10, 11 and microchannels. 3, [12] [13] [14] [15] Other applications of oscillating bubbles to be mentioned are micropumps, 16 microtweezers, [17] [18] [19] microfilters, 20 microrotors, 21 biosensors, 22 microswimmers, [23] [24] [25] and sorting. [26] [27] [28] An extensive literature exists on theoretical predication of dynamics as well as resonant and dissipative behavior of spherical bubbles, capitalizing on the well-known Minnaert 29 frequency. The dynamics of spherical bubbles that are either free or confined inside a cavity has been studied for more than a century, starting from the seminal work of Rayleigh 30 and followed by Plesset 31 and others. The most recent review of the state-of-the-art for fully confined bubbles was given by Vincent and Marmottant. 32 However, the same problem for the bubbles trapped (partially confined) on cavities has received significantly less attention in terms of theoretical treatment. Compared to free spherical bubbles, the trapped ones exhibit superior performance due to increased stability, controllability, precise size, and complex structure formation. All these features have been already recognized and widely used experimentally in various microfluidics applications. However, up to now, an experimental approach for finding the resonant frequencies of a single bubble and bubble structures has remained the dominant one. Few studies addressing this issue a) Electronic mail: dgrits2@uic.edu theoretically considered the cases of a semi-cylindrical bubble trapped in a rectangular cavity 33, 34 and rectangular bubbles on a rectangular horse-shoe structure. 35 An important assumption implied 35 was that the gas-liquid interface can be modeled as a thin clamped plate. With this assumption, it is further possible to employ a well-developed theory of vibrations for solid plates. [36] [37] [38] [39] An approach developed to describe the oscillations of a single spherical bubble [40] [41] [42] [43] [44] is not applicable for a trapped bubble. It is however possible to use a theory for the bubble interactions [45] [46] [47] including the simplest case, bubble pair, that employs the notions of microstreaming and SRF. An important modification required in this case is the replacement of the Minnaert frequency with the one for the trapped bubble.
For the highly symmetrical case, the hemispherical bubble trapped in a circular cavity, the problem has been considered in several studies of Miller [48] [49] [50] and Gelderblom. 51 The authors investigated the response of gas-filled micropores and micropits to ultrasound. However, only approximate analytical and semi-analytical problem solutions were obtained, respectively. Moreover, the authors considered the fundamental mode of interface oscillations, whereas higher modes were simply neglected. A similar problem was briefly but more accurately considered by Chindam, 35 but the authors did not come up with the ready-to-use algorithm for a complete description of the bubble behavior, providing the problem formulation only.
To characterize the behavior of microfluidic systems with propagating acoustic wave, there are at least two different Reynolds numbers to be introduced, one is hydrodynamic, Re h , and the other is streaming-related, Re s . 52 The first one incorporates relatively low flow velocity (Eulerian or streaming velocity) that is consistent with small spatial features of microfluidic devices and corresponds to Re h 1. However, when the acoustic wave is propagating through fluid, the streaming Reynolds number should be considered. In this case, the characteristic velocity includes both the Eulerian fluid velocity and fluid particle velocity (due to the acoustic wave), i.e., the Lagrangian fluid velocity. Thus, for microfluidic applications, the situation, when Re h 1, but Re s 1, is quite possible, justifying the approach employing velocity potentials, proposed in Sec. II.
It is also worth noting that in this study we do not consider wettability and contact angle variations. The main reason is that the air-water interface is pinned at a sharp solid edgethe rim of the cavity. While wettability and contact angle may affect bubble de-pinning, it did not occur in our study.
In this paper, we propose a theoretical model to predict the vibrational modes of a bubble trapped in the circular cavity and excited with an external acoustic field. A single-bubble model is further applied to a coupled bubble pair. The paper is organized as follows. In Sec. II, we come up with the general problem formulation. The experimental procedures are discussed in Sec. III. In particular, the sample fabrication procedure is described in Subsection III A. The details of bubble entrapment are further discussed (Subsection III B). Next, in Subsection III C, the bubble actuation mechanism is presented. In Subsection III D, we discuss flow visualization and monitoring approaches. The main results of this study are presented in Sec. IV. In particular, we first derive an explicit expression for the resonant frequency of a single bubble as well as the dispersion relation in Subsection IV A. Next, in Subsection IV B, the bubble pair interaction is considered for both identical bubbles and differently sized ones. In Subsection IV C, the structural modes of the sample plate are estimated and compared with the bubble modes. Finally, the results of this study are summarized in Sec. V.
II. PROBLEM FORMULATION
The dynamics of incompressible Newtonian viscous fluid is governed by the momentum equation coupled to the continuity equation and in tensor form reads as
where T ik = T ik + pδ ik is the viscous stress tensor and the stress tensor T ik is given by
Here we use the Einstein index notation. For the principal stress tensor, the diagonal components T ii (i = k) are the only non-zero ones. We model the bubble (air-water interface) as a thin circular clamped membrane. The similar approach has been previously used for a rectangular bubble trapped in a horseshoe structure. 35 Since the air-water interface is thin enough (<1 µm 53,54 ), we employ the Kirchhoff-Love theory for 2D plates. Introduce the cylindrical coordinate system (r, θ, z) and consider oscillations of a gas-liquid interface [ Fig. 1(a) ]. Assume T rr = T θθ = 0, with T zz = −p+2η ∂v z ∂z . The equilibrium condition at the gas-liquid interface reads as
where
zz , R l , l = 1, 2 are the z-components of the principal viscous stress tensor and radii of curvature; σ stands for the interfacial tension coefficient. For potential flow the velocity vector is given by v = ∇ϕ, where ϕ is the velocity potential, and consequently p = −ρ ∂ϕ ∂t . Then the balance at the interface becomes
Here ρ 1 , ρ 2 , η 1 , and η 2 are the mass densities and dynamic viscosities of liquid and gas, respectively, and ϕ 1 , ϕ 2 , v z , and k stand for the velocity potentials in media 1 and 2, flow velocity at the interface, and curvature of the interface. In the general case, k is given by
where W = W (r, θ, t) stands for the interface displacement. However, for the problem considered, it can be demonstrated numerically that (∇W ) 2 1 and thus we can further assume k ≈ ∇ 2 W. Taking into account that η 2 η 1 and denoting η 1 ≡ η, the governing equation for the velocity potentials inside and outside the bubble reads as 35, 55, 56 
where the surface tension forces are in balance with the variations of pressure across the interface. The first two terms stand for backpressures induced by air and water, respectively, and the third one accounts for the viscous effects. Velocity potentials outside (ϕ 1 ) and inside (ϕ 2 ) the bubble, velocity at the interface (v z ), and time-dependent interface displacement [W (r, θ, t)] are given by 35
where harmonic time dependence is assumed. Here A, κ, and ω are the amplitude of the interface oscillations, the radial wave number, and the driving frequency, respectively. Timeindependent bubble displacement, w(r, θ), is governed by
with the boundary conditions at the clamped edge,
where a is the bubble radius. The form of the velocity potentials (8) can be justified as follows. We assume that the interface oscillations are primarily in the z-direction and the air motion in the cavity is normal to it. In other words, the velocity components, v r and v θ , are normal to cavity walls and satisfy
Next, the velocity of the interface at z = 0 should be equal to the air velocity in the cavity,
Moreover, before the actuation of the acoustic wave, the interface is considered nearly flat,
Analogous to that, the boundary condition for ϕ 2 reads as
Finally, we assume that the fluid velocity far away from the interface vanishes.
III. METHODS

A. Sample fabrication
An array of cylindrical cavities [ Fig. 1(b 
B. Bubble entrapment
To trap microbubbles on cavities, we picked the specific part of the pattern at the sample plate and added several drops of the aqueous solution containing spherical microparticles. The solution was thoroughly mixed to ensure uniform particle concentration and liquid layer thickness. The trapped bubbles were observed under the microscope with the focus adjusted to clearly see both bubbles and microparticles.
C. Actuation
To actuate microbubbles trapped in prefabricated cavities, an input square wave (0-8V pp ) was introduced with the RIGOL function generator (DG1022A arbitrary waveform function generator). It was amplified with a high voltage power amplifier (TEGAM 2350, TEGAM Inc.) up to 200 V peak-to-peak. An ultrasonic cleaning transducer (#90-4070, APC International, f r = 120 kHz, d = 40 mm) was driven with an amplified signal. The transducer was mounted on the sample plate aside the pattern of cavities.
D. Flow visualization and monitoring
The flow around the bubbles was monitored in a frequency range from 100 Hz to 50 kHz with 100 Hz step. The microstreaming was visualized with the solution of polymer microspheres in water (Duke Standards, 1 µm) and monitored using the Nikon inverted microscope (Eclipse Ti-E), mounted with a high speed camera (Phanton Miro M310, Vision Research). To observe the streaming, the bubbles were driven at the vicinity of their resonant frequencies (theoretical prediction). The driving frequency was further finely tuned to achieve the strongest streaming. The complete view of the experimental setup is given in Fig. 1(d) .
IV. RESULTS AND DISCUSSION
A. Single bubble
We first solve (10) to get the bubble displacement, w(r, θ), in the following form: w(r, θ) = J n (κr) + cI n (κr) A 1 cos(nθ) + B 1 sin(nθ) , (17) where J n (·) and I n (·) stand for the Bessel and modified Bessel functions of the first kind of order n and A 1 , B 1 , and c are the arbitrary constants. Here the terms with the Bessel and modified Bessel functions of the second kind of order n are set to 0, to ensure the solution to be bounded at the center of the bubble (r = 0). Applying boundary conditions (11), we arrive at
for κ mn since for given n there exist m roots of (18) . With the substitution of κ mn from (18), (8) and (9) taken into account, from (7), we end up with an explicit expression for the resonant frequencies and dissipation factors (temporal damping) of a single bubble,
where κ mn and n are the radial and angular wave numbers, respectively. The mode shapes are given in Fig. 3 agree with the well-known classical result. The comparison of theoretical prediction and experimental data for a single bubble is given in Fig. 4 and demonstrates an excellent agreement. We consider viscous damping as a dominant one because the streaming itself originates from the viscous attenuation of the acoustic wave, propagating through media. 52 With δ ν (temporal damping) known, we can also define spatial damping in linear approximation given as
From (19) and (21), we arrive at
. (22) System (19), (20), and (22) form a complete set to fully describe the oscillations of a single bubble trapped in a circular cavity.
B. Bubble pair
Once the modes of a single bubble have been defined, we can proceed with the consideration of a coupled bubble pair. We use an approach proposed by Zabolotskaya 57 and developed by Doinikov. 45 The authors have considered an interaction of two free bubbles in media and obtained an expression for SRF,
where a 1 , a 2 , ω 1 , ω 2 , δ 1 , and δ 2 stand for radii, resonant frequencies, and dissipation factors of the bubbles 1 and 2, respectively, and L is the distance between the bubble centers. As can be seen from (23), SRF is frequency dependent and exhibits resonant behavior. When the bubbles are free, they move in space (attract or repel depending on their size and actuation frequency). In our case, however, the position of the bubbles is fixed and thus their interaction results in generation of closed flow patterns (microstreaming). The analogy between free and trapped bubbles can be justified as follows. In both cases, the oscillators are excited with an acoustic wave and interact with each other in media via SRF. The only difference is the type of oscillator used. Furthermore, the oscillator behavior can be fully described with its resonant frequency and quality factor. Thus the replacement of the resonant frequency for the oscillator allows us to adequately describe the behavior of the system considered. For simplicity, let us first consider the bubbles of equal radii (a 1 = a 2 = a, ω 1 = ω 2 = ω 0 , and δ 1 = δ 2 = δ). In this case, an expression for SRF reduces to
Thus, the maximum value of SRF can be obtained analytically from dF SR dω = 0. To get it, let us change the variable to ξ = ω 2 0 /ω 2 − 1. Then (25) becomes
and the resonant frequency of the pair reads as
As can be seen from (28), it is dependent on the bubble size, distance between the bubble centers, and damping factors of the bubbles. The dependence of non-dimensional (with respect to the resonant frequency of a single bubble) resonant frequency from the non-dimensional bubble radius (with respect to the distance between the bubble centers) is given in Fig. 5 . It demonstrates that the coupling is essential up to L ≤ 50a. Beyond this distance, the bubbles behave almost like independent oscillators and the normalized frequency reaches saturation, as shown in the insets of Fig. 5 . Theoretical prediction for the first several modes of the bubble pair is compared with the measured values in Fig. 6(a) and demonstrates an excellent agreement. It is worth noting that for the pair of identical bubbles, there exists only one resonant frequency [for each mode, Fig. 6(b) ], demonstrating the absence of additional complexity in bubble pair control compared to a single bubble. Moreover, with the angular wave number increasing, the modes of the pair are predicted to be more dispersive. This trend is confirmed in Fig. 6(c) given. In Figs. 6(d)-6(f) , the behavior of the maximal values of parameter ξ with respect to the bubble geometry factor, α, and dissipation factor, δ, is predicted theoretically. As can be seen from Fig. 6(d) , ξ max depends linearly on the bubble geometry factor. Moreover, this behavior is almost independent from the mode for the geometry specified. The limiting values of α correspond to coinciding bubbles (α = 1/2) and independent oscillators (α = 0). The trend can be explained due to relatively low contribution of dissipation factors for the geometry specified, as shown in Fig. 6(e) . However, for highly dissipative systems (δ > 0.2), this trend changes [ Fig. 6(f) ].
We further proceed with a more general case, namely, the bubbles of the different radii. Again, changing variables to ξ 1 = ω 2 1 /ω 2 − 1 and ξ 2 = ω 2 2 /ω 2 − 1, for SRF, we arrive at
where α 1 = a 1 /L, α 2 = a 2 /L. Next, we seek for the solution of
Thus, (19) , (20) , and (30) form a complete set to define the vibrational modes of the non-identical bubble pair. To simplify its consideration, let us introduce functions K 1 (ξ 2 ) and K 2 (ξ 1 , ξ 2 ), given by
Thus, (30) can be reduced to
In this case, the behavior of non-dimensional SRF appears to be more complex, as shown in Figs. 7(a) and 7(b). More specifically, it predicts two resonant peaks (attraction) and one resonant dip (repulsion). The peak associated with the larger bubble is the dominant one, followed by the dip which is about 8% of the peak amplitude for the first mode [ Fig. 7(a) ]. The ratio, however, increases for the higher modes. The peak and the dip correspond to the shifted values of the resonant frequencies for the single bubbles of the chosen radii (a 2 = 2a 1 in this study). The fine structure illustrating the second resonant peak is given in Fig. 7(b) . To simplify the consideration, we assume that L = p(a 1 + a 2 ), with p ≥ 1, and a 1 /a 2 = q, with 0 < q ≤ 1. Then α 1 and α 2 become 
The behavior of α 1 , α 2 with respect to p, q is given in Fig. 7(c) . It reveals that α 1 = α 2 for identical bubbles and diverges with increasing both p and q. Moreover, the force changes its sign at (1 − α 1 )(1 − α 2 ) + δ 1 δ 2
as shown in Figs. 7(a) and 7(b). The dependence K 2 (K 1 ) is given in Fig. 7(d) . The two branches shown are sewed at point (0, −1) and asymptotically tend to 0 at infinity with the finite values in the range of interest. Overall, the bubble pair can be used as a flow switch via simple frequency tuning.
C. Structural modes
To ensure that the modes defined are bubble-related, we have estimated the structural modes of the sample plate. Assuming the plate is thin enough (in this work, h/R = 6.25 × 10 −2 ), its modes are given by
where λ mn , S, Y, ν, ρ, and h stand for the radial wave number, plate modulus, Young's modulus, Poisson ratio, and mass density, respectively. The lowest 5 modes are given in Table I . For the material and geometry specified, most of the modes are quite below the range of interest (bubble modes range), and thus the former do not interfere with the latter, provided that the plate is fixed properly ("clamped edge" boundary conditions are satisfied).
V. CONCLUSION
We have developed a theoretical model to define the modes of a single bubble trapped in the circular cavity. The model is based on the assumption that the gas-liquid interface can be considered as a thin clamped circular membrane. The proposed approach has further been used to describe the behavior of the coupled bubble pair. It has been shown that two phenomena, SRF and microstreaming, associated with oscillating bubbles are closely related. In particular, for coupled bubble pair, the extremal values of the SRF are at the same frequencies where the microstreaming has been observed. Finally, the coupling of the identical bubble pair results in controllable frequency shift, and the non-identical one can be used as a flow switch.
